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Introduction

A Leibniz algebra is a non-commutative analogue of a Lie algebra, in the
sense that adding antisymmetry to the Leibniz bracket leads to coincidence
of fundamental identity (the Leibniz identity) with the Jacobi identity.
Therefore, a Lie algebra is a particular case of a Leibniz algebra.

Leibniz algebras were introduced by J.-L. Loday in 1993 and since then the
study of Leibniz algebras has been carried on intensively.

Investigation of Leibniz algebras shows that classical results on Cartan
subalgebras, Levi's decomposition, Engel’s and Lie's theorems, properties of
solvable algebras with given nilradical and others from theory of Lie
algebras have been extended to Leibniz algebras case.
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Introduction

Definition

An algebra (L,[-,-]) over a field F is called a Leibniz algebra if it is defined
by the identity

[ Iy, 2]l =[x v], 2] =[x, 2], y] forall x,y € L,

which is called the Leibniz identity.
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Introduction

From the Leibniz identity it follows that a Leibniz algebra preserves a
unique property of Lie algebras: the operator of right multiplication on an
element of an algebra is a derivation.

It is remarkable that the ideal generated by the squares of elements of a
non-Lie Leibniz algebra L plays an important role since it determines the
(possible) non-Lie nature of L. From the Leibniz identity, this ideal is
contained in the right annihilator of the Leibniz algebra.
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Introduction

The following theorem recently proved by D. Barnes in [On Levi's theorem
for Leibniz algebras. Bull. Australian Math. Soc., 2012] presents an
analogue of Levi-Malcev's theorem for Leibniz algebras.

Theorem (Barnes)

Let L be a finite-dimensional Leibniz algebra over a field of characteristic
zero and let R be its solvable radical. Then there exists a semisimple Lie
subalgebra S of L such that L = S+R.
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Introduction

Therefore, the study of finite-dimensional Leibniz algebras is focused to
solvable algebras. The procedure how to define a solvable Lie algebra by
means of a fixed nilradical was presented by Mubarakzyanov in [On solvable
Lie algebras, Izv. Vysv s. Uv cehn. Zaved. Matematika, 1963].

The main tool in the procedure is the using the properties of outer
derivations of nilradical. More exactly, outer derivations which are
nil-independent. The method of the description of a solvable Leibniz
algebra with a given nilradical is an extension of the procedure of
Mubarakzyanov.
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Solvable Leibniz algebras with a given nilradical

For a given Leibniz algebra L, we define the lower central and derived series
to the sequences of two-sided ideals defined recursively as follows:

o L'=1L, LMT=[LKL], k>1;
o L=y BHI =[] [F] s>1.

Definition

A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there
exists n € N (m € N) such that L™ = 0 (respectively, L[™ =0).

The minimal number n with such property is said to be the index of
nilpotency of the algebra L.
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Solvable Leibniz algebras with a given nilradical

For a fixed x € L, the map Ry: L — L, R«(y) = [y, x] is a derivation. We
call this kind of derivations as inner derivations.
Derivations that are not inner are said to be outer derivations.

Definition

Let di,d>, ..., d, be derivations of a Leibniz algebra L. The derivations
di,ds, ..., d, are said to be nil-independent if

a1dr + apdy + - - - + apd,
is not nilpotent for any scalars a1, a, . .., a, € C, which are not all zero.

In other words, if for any a1, ao, ..., a, € C there exists a natural number
k such that (andy + apdy + -+ + andg)k =0, then
ar=ay=---=a,=0.
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Solvable Leibniz algebras with a given nilradical

Let R be a solvable Leibniz algebra. Then it can be decomposed into the
form R = N & Q, where N is the nilradical and Q is the complementary
vector space. Since the square of a solvable algebra is a nilpotent ideal and
the finite sum of nilpotent ideals is a nilpotent ideal too, then the ideal R?
is nilpotent, i.e. R? C N and consequently, Q> C N.

Let R be a solvable Leibniz algebra and N its nilradical. Then the
dimension of the complementary vector space to N is not greater than the
maximal number of nil-independent derivations of N.
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Solvable Leibniz algebras with a given nilradical

Definition

An n-dimensional Leibniz algebra is said to be null-filiform if
dmli=n+1—-i, 1<i<n+1.

It is clear that a null-filiform Leibniz algebra has maximal index of
nilpotency.
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Sh.A. Ayupov and B.A. Omirov classified null-filiform Leibniz algebras.

Theorem (Ayupov, O.)

An arbitrary n-dimensional null-filiform Leibniz algebra is isomorphic to the
algebra:
NF,: [e,e]=¢eit1, 1<i<n-—1,

where {e1, e,...,en} is a basis of the algebra NF,,.

From this theorem it is easy to see that a nilpotent Leibniz algebra is
null-filiform if and only if it is a one-generated algebra, i.e. an algebra
generated by a simple element.

Note that this notion has no sense in Lie algebras case, because they are at
least two-generated.
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J.M. Casas, M. Ladra, B.A. Omirov, |.A. Karimjanov in [Classification of
solvable Leibniz algebras with null-filiform nilradical. Linear and Multilinear
Algebra, 2013] proved that the maximal number of nil-independent
derivations of the n-dimensional null-filiform Leibniz algebra NF, is 1.

Therefore, the dimension of a solvable Leibniz algebra with nilradical NF,
is equal to n+ 1.

Moreover, we get the description of such algebras.

B.A. Omirov (NUUZ) SOLVABLE LEIBNIZ ALGEBRAS Cadiz, February 23, 2018 12 / 57



Solvable Leibniz algebras with null-filiform nilradical

Theorem

Let R(NF,) be a solvable Leibniz algebra whose nilradical is NF,. Then

there exists a basis {e1, e, ..., en, x} of the algebra R(NF,) such that the

multiplication table of the algebra with respect to this basis has the
following form:

lei,e1] = €1, 1<i<n—1,
R(NF,) : [x,e1] = —eq,
[ei,x] =1ie;, 1<i<n

Observation

Note that in the table of multiplication of the algebra R(NF,) the operator
Ry has diagonal matrix form and [e1, x] = e1, [x,x] = 0.
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Solvable Lie algebras with naturally graded filiform

nilradicals

Now we present the classification of naturally graded filiform Lie algebras
obtained by M. Vergne in [Cohomologie des algébres de Lie nilpotentes.
Application a I'étude de la variété des algébres de Lie nilpotentes, Bull.
Soc. Math. France, 1970].

Theorem (Vergne)

Any complex naturally graded filiform Lie algebra is isomorphic to one of
the following non-isomorphic algebras:

Ly:le,e1] = —[en, el = €1, 2<i<n-—1.

lenall=—[e1, &ll= e,
Q2n : i
lei, e2n+1-i] = —[e2n+1-i, & = (1) e2p,
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Let us give the classification of solvable Lie algebras with nilradical L,
obtained by L. Snobl and P. Winternitz in [A class of solvable Lie algebras
and their Casimir invariants. J. Phys. A, 2005].

Theorem

There exists only one class of solvable Lie algebras of dimension n + 2 with
nilradical L,,. It is represented by a basis {e1, e, ..., en, x,y} and the Lie
brackets are

[ei, e1] = —[e1, €] = eit1, 2<i<n-1,
R(L,) [ei,x] = —[x,e]=(I—2)e;, 2<i<n,

[e1, x] = =[x, e1] = ey,

[ei,y] = —ly,e] = e, 2<i<n
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J. M. Ancochea Bermudez, et al. [Solvable Lie algebras with naturally
graded nilradicals. J. Phys. A, 2006] proved the following result.

Theorem

For any n > 3 there is only one (2n + 2)-dimensional solvable Lie algebra
having a nilradical isomorphic to Qo,,:

[ei, e1] = —[e1, &] = eiy1, 2<i<2n-2,
[6i, ©2n11-i] = —[€2n11-i, €] = (—1)i en, 2<i<n,
e, x| = —|x, el =iej, 1<i<2n—-1,
R(Qn) ler, x| =~ er] = fe
[e2n, X] = =[x, e2n] = (2n + 1) e2p,
[ei, y] = —y, el = e, 1<i<2n—1,

[eQna}/] = _[y) e2n] =2e.

Observation

Note that in the tables of multiplications of the algebras R(L,), R(Q2n)
the operators of right multiplications Ry, R, have diagonal matrix form
with [e1,x] = e1,[e2,¥] = & and [Q, Q] =0 for Q = (x,y).
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Solvable Leibniz algebras with naturally graded non-Lie

filiform nilradicals

In the following theorem we recall the classification of the naturally graded
filiform non-Lie Leibniz algebras obtained by Sh.A. Ayupov and B.A.
Omirov.

Theorem (Ayupov, O.)

Any complex n-dimensional naturally graded filiform non-Lie Leibniz
algebra is isomorphic to one of the following non isomorphic algebras:

F]_ _{ [61761] = €3,

! [ei,e1] = eiy1, 2<i<n—1,
€1, € = €3,
NFp_1®C = F7 = lex,e] . _
lei,e1] = eiy1, 3<i<n-—1
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The following two results were obtained by J.M. Casas, M. Ladra, B.A.
Omirov and |.A. Karimjanov in [Classification of solvable Leibniz algebras
with naturally graded filiform nilradical. Linear Algebra and its Application,
2013].

Theorem

An arbitrary (n + 2)-dimensional solvable Leibniz algebra with nilradical F}
is isomorphic to the following algebra

[ei7 el] = e/—l—ly 2 S I S n — ]_’ [e]_,X] = e]_;
R(F’}) [ei’y]:ei’ 2§I§n7 [e,,X]:(/—l)e,, 2§l§”7

[x,e1] = —er.
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An arbitrary (n + 2)-dimensional solvable Leibniz algebra with nilradical F?
is isomorphic to one of the following non-isomorphic algebras:

[elvel] = €3, [eiv el] = €i+1, 3<i<n-—-1,
€1, = €1, ,€1l = —¢€1,

R(F2),: { ad—e Foal = |
[e2,y] = e2, [ei,x] = (i—1)e;, 3<i<n,
[y, e] = (a — 1)ey, ae{0,1}.

Observation

Note that in the tables of multiplications of the algebras R(F}), R(F2)a
the operators of right multiplications Ry, R, have diagonal matrix form
with [e1,x] = e1, [e2,¥] = & and [Q, Q] =0 for Q = (x,y).
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Solvable Leibniz algebras whose nilradical is a direct sum of

some ideals

L.M. Camacho, K. Masutova, B.A. Omirov, |.M. Rikhsiboev in [Solvable
Leibniz algebras with N = NF, @ F,% nilradical, Open Math., 2013] proved

the following result.

In the case when the dimension of the supplementary space dim Q = 3 any
solvable Leibniz algebra with nilradical N = NF, @ F, is isomorphic to the

following algebra:
lei,er] = €11, 1<i<n-—1,
lei,x] =ie;, 1< i< n,
R(NF,® FL): { [x,e] = —er,

[fi, i] = fiy1, 2<i<m—1,
[f]-’)/]:fl;

[yl =(i=1)fi, 2<i < m,
[fi,zZ] =1, 2<i<m,

v, i] = —fi.
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Observation

Note that in the table of multiplications of the algebra R(NF, ® FL) the
operators of right multiplications Ry, R,, R, have diagonal matrix form with
[e1, x] = e1, [f,y] = A, [f, 2] = f» and [Q, Q] =0 for Q = (x,y, z).
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A.Kh. Khudoyberdiyev, M. Ladra, B.A. Omirov in [On solvable Leibniz
algebras whose nilradical is a direct sum of null-filiform algebras. Linear
and Multilinear Algebra, 2014] presented the classification of solvable
Leibniz algebras whose nilradical is a direct sum of null-filiform ideals.

Theorem

Let R=N® Q, where N = NF, & ---® NF; anddim Q = s. Then R is
isomorphic to the following algebra:

[e{,e{]:eéﬂ, 1<i<s,1<t<n -1
R(NFiONFD- - -ONF,) : { [el, xi] = tel, 1<i<s, 1<t<n;,
[x,-,e{]:—e{, 1<i<s, 1<t<n,.

Observation

Note that in the table of multiplications of the algebra

R(NF1 & NF; & - - - & NFs) the operators of right multiplications Ry, have
diagonal matrix form with [ei, x;] = e} for 1 < i <'s and [x;,x;] = 0 for
1<ij<s.
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Recently, A. Hof, J. Shade, W. Whiting have proved the following theorems.

Theorem (1)

Any (n + 3)-dimensional solvable Leibniz algebra (n > 5) with nilradical
L,_1 ® C is isomorphic to one of the following non-isomorphic algebras:

[eani]:_[eiveO]:ei+17 1S’§n_3a
lei,x] = —[x,e] =(i+1)e;, 0<i<n-—2,
R(Ln,]_@(:)a: [eiay]:_[y’ei]:eia 1§1Sn_27

[en—la Z] = €n—1,
[z,en-1,2z] = (¢ — 1)ep—1, a€{0,1}.
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Theorem (II)

Any (n + 3)-dimensional solvable Leibniz algebra (n > 7) with nilradical
Qn—1 ® C is isomorphic to one of the following non-isomorphic algebras:

[e07 e,-] = —[e,-, 60] = €j+1, 1 < i <n-— 4,
lei, en—2—i] = (=1)"te,_o, 1<i<n-3,
[ei, x] = —[x,e] = (i + 1)e, 0<i<n-3,
€n—2,X| = —|X,Ep—2| = N€L_2,

LOSETO TR s S ey 1<i<n-3,
[en727.y] = _b/7 en72] = 2¢,_2,
[enflaz] = €n-1,
[z,en—1,2] = (@ — 1)ep_1, a € {0,1}.
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Observation

Note that in the table of multiplications of the algebra

R(Ln—1 ® C)w, R(Qn—1® C), the operators of right multiplications
Ry, Ry, R, have diagonal matrix form with [eg, x| = ep, [e1, y] = e1,
[en—1,2] = ep—1 and [Q, Q] =0 for Q = (x,y, z).

Moreover, these algebras with o = 0 are Lie algebras.
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Now we present the classification of naturally graded quasi-filiform Lie
algebras originally published by J.R. Gémez, A. Jiménez-Merchan in
[Naturally graded quasi-filiform Lie algebras, Journal of Algebra, 2002] and
later corrected by L. Garcia Vergnolle in [Sur les algébres de Lie
quasi-filiformes admettant un tore de dérivations, Manuscripta
Mathematica, 2007].

Let (g,[—, —]) be an n-dimensional non-split naturally graded quasi-filiform
split Lie algebra over C. Then g is isomorphic to one of the following
pairwise non-isomorphic algebras with basis {eg, ..., en-1}:
n>5, roddand3§r§2[”%1j —1 odd,
e, { [eo, &] = eit1, » 1§{§n—3,
U lei,er—i]l =(-1)""ep—1, 1<i<r—1,
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n>7oddand 3<r<n-—4odd,
[eo, €] = ei1, 1<i<n—4
Qnyr: lei,er—i] = (1) tepm1, 1<i<r-—1,
lei, en—2—i] = (1) "tes—n, 1<i<n-3,
n > 7 odd,
( [eo, &] = eit1, 1<i<n-5,
[607 en,3] = €ép—2,
T X [607 e'n—l] = €ép—3, )
4 e/, en—a—i] = (—1)"Len_1, 1<i<n-5,
e, en3—i] = (1) 71132, 5 1<i<n—4
. 2 .
L [ei, en—o—i] = (-1)/(i —1)2=2=e, 5, 2<i<n—4
7
n > 6 even
[eo, 6] = eit1, 1<i<n—4
T . [e07 enfl] = €ép—2, ]
mn=3 - [ei, en—3-i] = (=1)"te,_1, 1<i<n—4
i, en—2—i] = (1) 1(2=52)e, o, 1<i<n-3.
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The following four results are also proved by A. Hof, J. Shade, W. Whiting.

Theorem (1)

Any Leibniz algebra of dimension n+ 2, n > 5, with nilradical £, , is
isomorphic to the Lie algebra with basis {ey,...,en—1,x,y} and the
following multiplication table

Sn,r
[e,-,x]:(i+1)e,-, 0<i<n-2,
[eiay]:ei, 1§’§n_27

[en_l,X] = (r + 2)en—la
[enflay] - 26,,,]_.
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Theorem (2)

Any Leibniz algebra of dimension n+2, n > 7 odd and3 < r < n—4 odd,
with nilradical Qp ,, is isomorphic to the Lie algebra with basis
{e€o,...,en—1} and the following multiplication table

Qn,r

[ei,x] = (i + 1)e;, 0<i<n-2,

[en_l,X] = (r + 4)en—1a

[ei7y]:ei) 1§I§n_37

[ei, y] = 2e;, n—2<i<n-—1.
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Theorem (3)

Any solvable Leibniz algebra of dimension n+ 2, n > 7 odd, with nilradical
T n.n—a Is isomorphic to the Lie algebra with basis {ey, ..., e,—1,x,y} and
the following multiplication table.

rsn,n—4
[e,-,x]:(i—i—l)e,-, 0<i<n—4,
[ei7y]:ei) 1SI§n_47

[en—3,x] = (n— 1)en—3, [en—2, X] = nep_2,
[en_]_,X] = (n - 2)en—17
i, y] = 2e;, n—3<i<n-—1.
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Theorem (4)

Any solvable Leibniz algebra of dimension n+ 2, n > 6 even, with nilradical
T n.n—3, Is isomorphic to the Lie algebra with basis {ey, ..., en, x,y} and
the following non-zero products:

rsn,n—3

[e,-,x]:(i—i—l)e,-, 0<i<n-3
lei,y] = e, 1<i<n-3,
[en—1,x] = nep_1,

[en,x] = (n— 1)en,

lei, y] = 2, i€e{n—2,n—1}
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Let R(N) = N @ Q be a solvable Leibniz algebra with nilradical N and let
{ei | 1 <i < k} are generators of N.

Hypothesis 1: Let R(N) = N @ Q be a solvable Leibniz algebra with
nilradical N and dimension of the complemented space @ is equal to the
number of generators of the nilradical N. Then for any basis elements
xi € Q, 1 <i < k the operators of right multiplications Ry, are diagonal
with [e;, xi] = €, [ei,xj]] =0, 1 <i#j<kand[Q,Q]=0.
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Theorem

Let R= N @ Q be a solvable Leibniz algebra such that

dim @ = dim N/N? = k. Then R admits a basis
{e1,€,...,€n,x1,X2,...,Xx} such that the table of multiplication in R has
the following form:

n
[eiaej]: Z ’Vityjet’ 1Siaj§n’

t=k+1
[e,',X,']:ei, 1§I§k7
[X,', e,-] = (b,' — 1)6,', b,' € {O, 1}, 1< < k,
[ei, 5] = cvijei, k+1<i<n, 1<j<k,

q .
[x,e]l = > B,  k+1<i<n 1<j<k,
\ t=1

where «; j is the number of entries of a generator basis element e; involved
in forming of non generator basis element e;.

v
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Corollary

Let R= N @ Q be a solvable Lie algebra such that

dim Q = dim N/N? = k. Then R admits a basis
{e1,€e,...,€n,x1,X2,...,Xx} such that the table of multiplications in R
has the following form:

n

[eiaej]: Z ’yijetv 1SI7£_/§H,
t=k+1
[eiaxi]:_[xiaei]:eia 1§’§k7

lei,xj] = —[xj,eil = ajjei, k+1<i<n 1<j<k.

(1)
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Below we present a result which asserts that if nilradical is non-split Lie
algebra under our condition on the dimension of complementary subspace,
then Leibniz algebra becomes to a Lie algebra.

Let R= N @ Q be a solvable Leibniz algebra such that
dim Q = dim N/N? = k and N be a non-split Lie algebra. Then R is a Lie
algebra with the table of multiplications (1).
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Let {e1,e2,..., €6} NAMN(N) =0 and {ex+1, €k 42, -, ek} C Ann.(N).

Proposition

Let R= N & Q be a solvable Leibniz algebra such that
dim Q = dim N/N2 = k and N be a non-split nilradical. Then R is
isomorphic to the unique algebra with the following table of multiplication:

[er, 6] = Z fyuet, 1<i,j<n,
N

[e,,X,]—e,, 1§I§k7
[xi, &i] = —ei, 1<i<k, (2)
lei, xj] = oz,de,, k+1<i<n, 1<j<k,

[Xjaei1225}tiein k+1§1§n71§./§k
t=1 '
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Theorem

Let R = N @ Q be a solvable Leibniz algebra with dim Q = dim N/N? = k

S
and N = @ N, where N; is non-split non abelian ideal of N. Then
t=1

R = @ R:, where Ry = Ny & Q: are ideals of R with tables of
t=1
multiplications of the form (2).
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Theorem
Let R= N+ Q be a solvable Leibniz algebra such that

S
dim Q = dim N/N2 =k+pand N= & N; ® CP, where N; is non-split
t=1

non abelian ideal of N with dim Ny = n;. Then R = @ R: + R(CP) with

R: = N; + Q: and its table of multiplications has the followmg form

R(by, b, ....by) :

( ny ¢
lef.efl= > ifer, 1<ij<n, 1<t<s,

p=ke+1
[e[71_ [17 ,]_e 1S1§kt51§tgsa
[eI,J]—Oé,,JeI, ktgigntalg.jskhlgtgs’
[x/. e t]—Zﬁw,,,, ke+1<i<n, 1<j<k, 1<t<s,
[fl'ayl]_f;a 1§’§P,
i, fil = (bi — 1)f;, bi€{0,1}, 1<i<p.
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Corollary

Under the conditions of the above theorem up to isomorphism there exist
only p + 1 algebras:

R(0,0,...,0), R(1,0,...,0), R(1,1,0,...,0),...,

R(1,1,...,1,0), R(1,1...,1).
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Observation

In the case when the dimension of the complemented space Q is not equal
to the number of generators of the nilradical N there exists an example
such that [Q, Q] # 0 and ,‘:\’X,.0 is not diagonal for some 1 < iy < k.
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On triviality of the first group of cohomology of some
solvable Leibniz algebras

Let R= N @ Q be a solvable Lie algebra such that dim Q = dim(N/N?).
Then HY(R,R) = 0.

Let R= N @ Q be a solvable Leibniz algebra such that
dim Q = dim(N/N?). Then HL'(R,R) = 0.
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The second group of cohomology of Leibniz algebras

First, we give the definition of the second group of cohomology.
The second cohomology group for a Leibniz algebra L and its
representation M is defined as the quotient space

HL?(L, M) = ZL?(L, M)/BL?(L, M),

where the elements ZL2(L, M) and BL?(L, M) are called 2-cocycles and
2-coboundaries, respectively.

The elements f € BL?(L, L) and ¢ € ZL?(L, L) are defined as follows
f(x,y) = [d(x),y] + [x,d(y)] — d([x, y]) for some linear map d

and

(d0)(x,y,2) = [x, 0y, 2)] = [p(x,¥), 2] + [p(x, 2). ¥]
+ (% Iy, 2]) = o([x, v, 2) + ¢([x, 2], y) = 0.
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The linear reductive group GL,(F) acts on Leib, via change of basis, i.e.

(gxAN)(x,y) = g(A(g‘l(x),g‘l(y))), g € GLn(F), X € Leib,.

The orbits Orb(—) under this action are the isomorphism classes of
algebras. Recall, Leibniz algebras with open orbits are called rigid.

From algebraic geometry it is known that an algebraic variety is a union of
irreducible components. The closures of orbits of rigid algebras give
irreducible components of the variety. That is why the finding of rigid
algebras is crucial problem from the geometrical point of view.
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Due to D. Balavoine [Déformations et rigidité géométrique des algébres de
Leibniz, Communications in Algebra, 1996] we can apply the general
principles for deformations and rigidity of Leibniz algebras.

Namely, it is proved that nullity of the second cohomology group
HL?(L, L) = 0 gives a sufficient condition for rigidity.

In addition, it is established that Leibniz algebras for which every formal
deformation is equivalent to a trivial deformation are rigid.
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On triviality of the second group of cohomology

The combining results of several papers provides the following theorem.

Theorem

The second groups of cohomologies with coefficients itself for the following
algebras:

R(NF,), R(Ls), R(Qn). R(Fy), R(F))i, R(F7),

R(NF,® FY), RINFL® NF, @ --- & NF,)

are trivial !!!
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On triviality of the second group of cohomology

So, we could formulate the next hypothesis.

Hypothesis 2: Let R(N) = N @ Q be a solvable Leibniz algebra with
nilradical N and the dimension of the complemented space Q is equal to
the number of generators of the nilradical N. Then HL2(R(N), R(N)) = 0,
that is, they are rigid !!!
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From Hypothesis 2 the natural question arises: whether all rigid solvable
Leibniz algebras satisfy the condition that the dimension of the
complemented space to the nilradical is equal to the number of generators
of the nilradical?

The answer to this question is negative and it is clarified in the following
description theorem given by J.M. Casas, M. Ladra, B.A. Omirov, |.A.
Karimjanov in [Classification of solvable Leibniz algebras with naturally
graded filiform nilradical, Linear Algebra and its Application, 2013].

Theorem

An (n + 1)-dimensional solvable Leibniz algebra with nilradical F2 is
isomorphic to one of the following pairwise non-isomorphic algebras:

[el?el] = €3, [ei7 el] = €it+1, 3<i<n-—-1,
Ri:< le,x]=—e1, [e,x]=—(Ii—1)e, 3<i<n,
[X) el] = €1, [X7X] = €2,

R2(a)a R37 R4(Oé), R57 R6(a3,a4,...,a,,,)\,5).
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On triviality of the second group of cohomology of some

solvable Leibniz algebras

Proposition
dim HL2(Ry, Ry) = 0 and dim HL2(Rs, Rs) = dim HL2(Rs, Rs) = 1.
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In the next theorem we present the classification of quasi-filiform Lie
algebras of maximum length.

Theorem

Let L be an n-dimensional (n > 11) quasi-filiform Lie algebra of maximum
length. Then the algebra L is isomorphic to one of the following pairwise
non-isomorphic algebras:

1. { [e1, ei] = eiya,

2<i
8D "\ e, eni] = (—1)en, 2 <i

) { [e1, el = eiy1, 2<i<n-2,

80 1)\ [er, en] = €142, 2<i<n-—3, n>5:
le1, el = €1, 2<i<n-2,
gy q lenenl=eira, 2<i<n-3,
e, 6] =e13, 3<i<n—4,n>T,

where {e1,ep,...,e,} is a basis of the algebra.
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An arbitrary Leibniz algebra of the family R(g(in 1) 2),i=12is
isomorphic to one of the following Lie algebras:

[e1,x] = =[x, e1] = e1,

[ei,x] = —[x,e]] = (i—2)e;, 2<i<n-—1,
R(g(ln,1)72) ¢ len, x] = —[x,en] = (n— 4)ep,

lei,y] = —[y, e] = e, 2<i<n—1,
[en, ¥] = =y €n] = 2en,

[e]_,X] - _[X7 el] = €,
[ei,x] = —[x,e] = (I —2)e;, 2<i<n-—1,
2 :
R(g(n,l)a2) . [e,,,x] — —[X, en] — 2en,
[ei, y] = —ly, ei] = e, 2<i<n-1
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H?(R(gn 1y, 2)s R(8(n1):2)) = HA(R(8F,1):2), R(&(,1):2)) = 0.
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Definition

For n-dimensional nilradical N of a solvable Leibniz algebra R = N & Q
with dim(N/N?) = t we associate the linear system S(N) of equations n
variables c1, ..., ct, Cty1,. .., Cn consisting of equalities

ci+c =ck 1<i,j<t, ifandonly if a vector [e;, €] contains e; with a
non-zero coefficient.
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Hypothesis 3: Let R(N) = N @ Q be a solvable Leibniz algebra with
nilradical N such that the space of fundamental solutions of the system
S(N) has dimension equal to (t — 1) and the dimension of the
complemented space Q is equal to (t — 1). Then the table of multiplication
of R has the table of multiplication of the form (1) and

HL2(R(N), R(N)) = 0.
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The most complete description of solvable Lie algebras with various types
of nilradicals obtained till the present time is given in the book:

[3 Libor Snobl and Pavel Winternitz.
CLASSIFICATION AND IDENTIFICATION OF LIE ALGEBRAS.
Centre de Recherches Mathématiques Montréal, 2014, pp. 306.

B.A. Omirov (NUUZ) SOLVABLE LEIBNIZ ALGEBRAS Cadiz, February 23, 2018 54 / 57



Some other references:

[§ J.M. Ancochea Bermudez, R. Campoamor-Stursberg, L.
Garcia Vergnolle, Classification of Lie algebras with naturally graded
quasi-filiform nilradicals, J. Geom. Phys. 61 (2011), pp. 2168-2186.

[§ V. Boyko, J. Patera, R. Popovych, Invariants of solvable Lie algebras
with triangular nilradicals and diagonal nilindependent elements, Linear
Algebra Appl. 428 (2008), pp. 834-854.

[§ R. Campoamor-Stursberg, Solvable Lie algebras with an N-graded
nilradical of maximal nilpotency degree and their invariants, J. Phys. A
43 (2010), pp. 145202, 18.

[§ E.M. Cafiete, A.Kh. Khudoyberdiyev, The classification of
4-dimensional Leibniz algebras, Linear Algebra Appl. 439 (2013), pp.
273-288.

B.A. Omirov (NUUZ) SOLVABLE LEIBNIZ ALGEBRAS Cadiz, February 23, 2018 55 / 57



[4 J.M. Casas, M. Ladra, B.A. Omirov, |.A. Karimjanov, Classification of
solvable Leibniz algebras with null-filiform nilradical, Linear and
Multilinear Algebra 61 (6) (2013), pp. 758-774.

[§ J.M. Casas, M. Ladra, B.A. Omirov, I.A. Karimjanov, Classification of
solvable Leibniz algebras with naturally graded filiform nilradical, Linear
Algebra Appl. 438 (2013), pp. 2973-3000.

@ A.Kh. Khudoyberdiyev, 1.S. Rakhimov, Sh.K. Said Husain, On
classification of 5-dimensional solvable Leibniz algebras, Linear Algebra
Appl. 457 (2014), pp. 428-454.

[@ J.C. Ndogmo, P. Winternitz, Solvable Lie algebras with abelian
nilradicals, J. Phys. A 27 (1994), pp. 405-423.

[§ A. Shabanskaya, Solvable extensions of naturally graded quasifiliform
Leibniz algebras of second type L' and L3, Comm. Algebra 45 (10)
(2017), pp. 4492-4520.

B.A. Omirov (NUUZ) SOLVABLE LEIBNIZ ALGEBRAS Cadiz, February 23, 2018 56 / 57



[@ L. Snobl, D. Karasek, Classification of solvable Lie algebras with a
given nilradical by means of solvable extensions of its subalgebras,
Linear Algebra Appl. 432 (2010), pp. 1836-1850.

[@ L. Snobl, P. Winternitz, A class of solvable Lie algebras and their
Casimir invariants, J. Phys. A 38 (2005), pp. 2687-2700.

ﬁ S. Tremblay, P. Winternitz, Solvable Lie algebras with triangular
nilradicals, J. Phys. A 31 (1998), pp. 789-806.

[§ Y. Wang, J. Lin, and S. Deng, Solvable Lie algebras with quasifiliform
nilradicals, Comm. Algebra 36 (2008), pp. 4052-4067.

B.A. Omirov (NUUZ) SOLVABLE LEIBNIZ ALGEBRAS Cadiz, February 23, 2018 57 / 57



