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Introduction and preliminary definitions

Motivation:

When we have a ternary structure with some type of grading a
complete knowledge of the grading set imply some structural
theorems of the graded ternary structure.

J. Navarro



Augmented ternary maps and their applications Universidad de Cadiz

Introduction and preliminary definitions

Purpose and scope:

Consider an arbitrary non-empty set.
Endow it with a new structure called f-triple.
Study it so as to obtain several decomposition results.

Apply the results to the grading set (considered as an
adequate f-triple) of some ternary structures to obtain
structural theorems.
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Introduction and preliminary definitions

Definition
Let A be a non-empty set and € ¢ A an external element to A.
Any map

FrAXAXA— AU{e}

is called an augmented ternary map on A. We will also say that
A is an f-triple.
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Let A be an f-triple.

A subset S of A is called a subtriple of A if for any
x,y,z € S we have that f(z,y,z) € SU {e}.

A subtriple J of A is called an ideal if
F(3,A,A) U F(A,T,A) U F(A,A,9) C IU{e}.

We say that A is simple if its only ideals are () and A.
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Let f: AxAxA— AU{e} be an augmented ternary map and
{B; : i € I} a family of pairwise disjoint subsets of A such that

A-Js.
el

Then we say that A is the orthogonal union of the {B; : i € I} if
for any 4,5 € I, with ¢ = j, we have
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The structure of the f-triples

To study the structure of the f-triples we introduce an
equivalence relation on it. Then, we need to:

Introduce a new variable T ¢ A for each x € A, being:

A:={z:2c Al

Define a map

¢ P(A) x (A UA) x (AU A) = PA).
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Given any o € S3 we define
Ug t AXAXA— PA) and v, : A XA xA— P(A)
as:

0 if f(2o1), To(2), To@3) = €

U (1,2, 73) = { {y} it f(2oa), To@): Top) =y €A

and
Uo‘(xvg%yi%) = {yl €EA:xe uU(y17y27y3)}‘
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Now we consider the following operation
piAXx(AUA) x (AUA) = P(A)
given by:

mu(z,y,2) = U ug(x,y, z) for any z,y,z € A.
oc€ES3

m (2,7, z) = U v, (,7,%) for any x € A and any 7,% € A.
o€ES3
u M(.Q?,.A,ﬁ) = :u('rvﬁa‘A) = 0.
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Finally, we get the mapping

¢ P(A) x (A UA) x (AUA) = P(A)

which will be defined as

¢(U7 Y, Z) = U :U’(xvyvz)'

zelU
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For any x,y € A, we say that z is connected to y if

m either z = y or
m there exists {ay,as,...,a2,} C A UA, n>1, such that

0 # o({z} a1,a2)
0 7& ¢(¢({x}’a1’a2)7a37a4)

7& ¢(¢(...¢({x},a1,a2)...),agn_g,agn_g)
€ o(o(...0({x},a1,a2)...),a2n-1,a2,).

< =

In this case, the subset {a,...,a2,} is called a connection
from z to y.
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The structure of the f-triples

Connection {ay, as, ..., az, 1, a2}
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The structure of the f-triples

Proposition

The relation ~ in A, defined by x ~ y if and only if x is
connected to y, is an equivalence relation.

Theorem

Let A be an f-triple. Then A is the orthogonal (disjoint) union

A= [

[a]eA/~

of the family of the ideals {[a] : [a] € A/ ~}.
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The structure of the f-triples

We say that an f-triple A is a division f-triple if for any
x,1,j,k € A such that f(i,j, k) = x then

mic f(z,AA)

mje f(AzxA)

m ke fAA).
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Let A be a division f-triple. Then A is simple if and only if A
has all of its elements connected.

Theorem
Let A be a division f-triple. Then

A:UJi

el

is the orthogonal (disjoint) union of the family {J;}icr of all its
nonempty simple ideals.

Francisco J. Navarro



Augmented ternary maps and their applications Universidad de Cadiz

Table of contents

Applications




Augmented ternary maps and their applications Universidad de Cadiz

Applications

Let (T, (-,-,+)) be a triple system and I a (non-empty) set. It is
said that T is graded by I, if

T = @in
el

where any T; is a linear subspace of T satisfying that for any
1,7,k € I either <7i77j77k> = {0} or {0} = <Tia7j77k> C T, for
some (unique) r € I. We call support of the grading to the set

Y:={iel:T;#{0}}.
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Applications

Considering the support ¥ of the grading and some € ¢ ¥ we
introduce the augmented ternary map f: X x ¥ x ¥ — X U {e}
defined by

(e i (3,77 = {0}
fi..5) '_{ v i {0) £ (77,0 € T

Then, for any [i] € ¥/ ~ we can define the linear subspace of T

T = D Trs

keli]
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A homogeneous-ideal of T = @ T; is a linear subspace J of the
el
form J = @ T; with J C I, and satisfying
JEJ

(9,7, T) +(T,9,7) +(7,7,9) C J.

Definition

A graded triple system 7 is called homogeneous-simple if its only
homogeneous-ideals are {0} and 7.
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Theorem

Let T be a triple system graded by a set I. Then there is a
decomposition of T as the direct sum

T= D T

[{]ex/~

being any T a nonzero homogeneous-ideal of T.

isco J. Navarro
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Definition

The grading

T=7

el

is called a weak-division grading if for any i, j, k € I such that
{0} 7& <Tl7T377k> C (‘TT?

there exist z1,z9 € X for any x € {i, j, k} verifying
m {0} # (7, T, T5,) CT;
u {O} # <7j137r77j2> C r‘Tj
m {0} # (Tj, Tjo, Tr) C T
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Proposition

Let T be a triple system with a weak-division grading. Then the
f-triple ¥ is a division f-triple.

Theorem

Let T be a triple system with a weak-division grading. Then

‘I:@‘.Ta

aEef

is the direct sum of the family {Ta}acq of all its nonzero
homogeneous-simple homogeneous-ideals.

Francisco J. Navarro



Augmented ternary maps and their applications Universidad de Cadiz

Applications

Similar structure theorems are given, also as consequence of
the results on augmented ternary maps, for the classes of

Arbitrary supertriple systems with a multiplicative basis

Set-graded arbitrary algebraic pairs
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