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Definitions

Definition (Quadratic)

A nonassociative algebra A over a field K that carry a symmetric and
nondegenerate invariant bilinear form f is called quadratic algebra.

Where invariant means f(ab, c¢) = f(a, bc).

Definition (2-step)

A Lie algebra (g, [x, y]) is 2-step in case g° = 0 # g°.

Where ¢ = span([[xy]z] : Xx,¥,z € g) and g® = span{[xy] : X,y € g).
Definition (Type)

A Lie algebra (g, [x, y]) has type d when d = dim g — dim g

Lemma
The type of any 2-step nilpotent Lie algebra is > 2.
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Ussage of quadratic algebras

Any full matrix algebra with its trace.

Any semisimple Lie algebra with its killing form.

Quadratic algebras appears in:

Cartan Criterion for the semisimplicity of a f.d. Lie algebra.
Structure theory of naturally reductive homogeneous spaces.
Theory of modular representations of finite groups.
Completely integrable Hamiltonian systems
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Existence and importance

In 1997, Noui and Revoy proved that the classification of these type of Lie
algebras is equivalent to the classification of alternating trilinear forms, an
open problem.

Ovando (2007) showed the existence of real quadratic 2-step Lie algebras of
arbitrary type d > 3, with d = 4 as the only exception. Achieving them as
homomorphisms of vectors space with inner products.

These results and the ideas in Benito, de-la-Concepcién and Laliena (2017)
gives results for the existence and isomorphisms of these algebras over
arbitrary fields of characteristic 0.
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Cronology

1957-Tsou and Walker: preliminary results on the existence of regular
quadratic Lie algebras over the real field.

1985-Medina and Revoy: Introduction to the method of double extension.

1987-Favre and Santharoubane: (characteristic 0) Classification of
indecomposable quadratic nilpotent Lie algebras of dimension < 7 (up to
isometries, there are exactly 4 algebras)

1997-Noui and Revoy: (Characteristic 0), 2-step quadratic and alternating
trilinear forms.

1999-Bordemann: (Characteristic # 2), Introduction of the method of
T*-extension.
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Cronology

2000 to 2014-Several authors:

m Classification of quadratic nilpotent of dimension < 10 over the real field
(2007-2014),

m classification of quadratic solvable of dimension < 8 (2014) over
algebraically closed fields of characteristic 0,

m irreducible quadratic nonsolvable of dimension < 13 over the complex
field (2013).

2007-Ovando: 2-step quadratic real Lie algebras, existence and applications.

2017-Benito, de-la-Concepcion and Laliena: (Characteristic 0), Free nilpotent
and quadratic nilpotent Lie algebras, a categorical approach.
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General tools

m Basic definition, structure constants and Jacobi identity.
Problem: Unfeasible in high dimensions.

m Double extensions process: Inductive classification. In each step we
add a nilpotent quadratic Lie algebra and a skew symmetric derivation.
Problem: Determining skew derivations.

m T*-extensions: It involves the third scalar conomology H3(A, K).
Problem: Very restrictive tool.

m Free nilpotent Lie algebras and invariant forms: Quite natural. Lie
algebras are provided as quotients of free nilpotent Lie algebras
endowed with invariant bilinear forms. The natural action of the
automorphism group of free nilpotent Lie algebras provides the
isometrically isomorphic algebras.

Problem: Determining invariant forms in general.
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Quotients of free t-nilpotent Lie algebras

Let §£(m) be the free Lie algebra on the set of generators m = {x1,..., X4},
d > 2 we have:

Main features:
m Any t-nilpotent and d-Type is a homomorphic image of ng ;.
B Der ng; = slg(k) @ ¢, v solvable radical.
B Aut ng; 2 GLg(k) x N (semidirect product).
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Free nilpotent vs. quadratics

Lemma (Benito, de-la-Concepcién & Lalinea, 2017)

Letn the factor Lie algebra “%* where | is an ideal such thatnly ; Z | C n5 ;.
The there exists a symmetric, invariant and non-degenerate bilinear form on n
if and only if there exist that same form on ng ; such that nj, y= 1.

m Sym,(d, 1) is the category whose objects are the symmetric invariant
bilinear forms + on the free Lie algebra ng; s. t. Ker ¢ C nﬁy, and
ny ; ¢ Ker. The morphisms are isometric Lie homomorphisms of ng
up to an equivalence relation.

m NilpQuad, , stands for the category whose objects are the t-nilpotent
quadratic Lie algebras (n, ¢) of type d. The morphisms are Lie
homomorphisms that are isometries.

m Qg2 Symy(d, t) — NilpQuad, , the functor

Qa.t(¥) = (ng./Ker ), ), (a,b) =v(a,b)
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Equivalence result

Theorem (Benito, de-la-Concepcién & Lalinea,2017)

For all 1)1, 12 € Obj(Sym,(d, t)), the following assertions are equivalent:
Bl 1 and > are isomorphic in Symq(d, t).
Qu,:(11) and Qq.:(¢2) are isometrically isomorphic Lie algebras.
There exists a isometric automorphism 0 (ng.¢, 1) = (na,t, ¥2).

Moreover, the set Orbaun, (¥) = {1 : 6 € Autng,} is equal to the set of
bilinear invariant symmetric forms isomorphic to ¢ in the category Symq(d, t).
Therefore the number of orbits of the natural action of Autng ; is exactly the
number of isomorphism types in the classification of t-nilpotent quadratic Lie
algebras of type d up to isometries.
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Reduction

Any quadratic Lie algebra (g, ) satisfies:
B Z(g)t = a?y Z(g) = (gz)l. So, dim g = dim g® + dim Z(g).
m The dimension of Z(g) N g2 is said isotropic index of g.

m gis reduced in case Z(g) C g° and the pair (r, s) where r = dim g° y
s = dim Z(g) is called the (bi-)type of g.

Theorem (Tsou-Walker, 1956)

Any non reduced and non abelian quadratic Lie algebra (g, ¢) decomposes
as a orthogonal direct sum of proper ideals, g = g1 @ a, where (g1, ) is a
reduced and quadratic Lie algebra and (a, ) is abelian and quadratic.
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Universal example

Let (v, (-, ), p) be the a triple where (-, -) is a nondegenerate bilinear form and
p v — so(v) an injective linear map satisfying the identity:

p(v)(u) + p(u)(v) = 0.

In the vector space n(v, p) = v @ v, we introduce:
= the canonical hyperbolic symmetric form ¢, ' and
m the skew symmetric product [u + f, v + g] = f,,v, Wwhere
fun(w) = (p(w)(u), v) = —(p(u)(w), V).

Then, (n(v, p), vv) is a 2-step quadratic Lie algebra.

"The hyperbolic symmetric form on a vector space v is the form on H(v) = v @ v*, v* dual
space, defined as: ¢, (v1 + f1, vo + ) = fi(v2) + fo(v1).
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Theorem (Ovando, 2007)

Up to isometries, the real 2-step quadratic Lie algebras are orthogonal direct
sums, as ideals, of the form:

(‘ﬂ(b, p)v ‘pU) D (Rmv <” >)7

where (R™, (-, -)) is the abelian m-dimensional Lie algebra endowed with the
standard inner product and (n(v, p), vv) is as defined in the previous example.
Moreover for each 3 > d = dimv # 4, there exists a Lie algebra ((v, p), pv).

Is it possible to get an algorithmic construction?
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Construction

For any d > 2, a family {As, ..., Ay} of matrices of order d x d is called
if the following properties are satisfied:

El The matrices are skewsymmetric (Al = —A)).

The i-th column of every A; is null.

For any j > i, the j-th column of A; is the additive inverse of the i-th
column of A;.

A If Bi.; denotes the submatrix of A; given by the set of all j-th columns of
A; such that i < j, the matrix of order d x 991,

B(Ai,...,Aq) = [Bi<jBagj ... Bi_1<j],

has maximal rank d.
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Universal construction: algebras

Let {As,...,Aq} be a d-quadratic family of matrices of order d x d over any
field of characteristic 0. On the 2d-dimensional vector space
n(A1,...,Ad) ={(v1,..., Vg, 2Z1,...,24) We introduce:
= the canonical metabolic? bilinear form oo (vi, 2) = 6 ,
wo(Vi, vj) = ¢o(2i,2;) = 0 and
m the bilinear skew symmetric product given by the formula

d
[z,n] =0 and [v,v]=>_ ayz
k=1

where the structure constants are determined by a family of d-quadratic
matrices A; = (a;(j) for1 <i<d.

Then, (n(Ai, ..., Aq), vo) is a 2-step quadratic Lie algebra.

2 A nondegenerate symmetric bilinear form on a vector space V is called metabolic if it has a
totally isotropic subspace of dimension a half of the dimension of V. In characteristic not 2, the
classes of metabolic and hyperbolic forms coincide.
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Current work: examples

0 0 0 0 0 00 —a —a —as 0 a 0 —as —as
0 0 a; a as 00 O 0 0 —a; 0 0 —a; —ag
A = 0 —a 0 a4 as A = a0 0 ar as A3 = 0 00 0 0
0 —a —as 0 & a0 —a 0 ag a a 0 0 aio
0 —a3 —as —as O a3 0 —ag —ag O a a 0 —a)p O
0 a a3 0 —a 0 as as a 0
—a 0 a 0 —a —az 0 a a 0
Ay = —as —ay 0 0 —aq As = —as —ag 0 ajpp 0
0 0 00 0 —as —ag —app 0 0
as a ap 0 0 0 0 0 00
0 0 0 0 —a —da —as —ay —as —ag
0 ay a as 0 0 0 —ay —ag —a
B(A1 s ,As) = —ay 0 as as 0 ar as 0 0 —aio
—a —as 0 dg —ay 0 dg 0 aio 0
—daz —as —ag 0 —dg —3ag 0 —aio 0 0
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Current work: examples

as
as

—ay

0
—a;
—ag

—a1Z3 — @224 — aszs,
aiZp — asZ4 — asZs,

asZe + asZs + asZa,

0 0 0
0 ai ao
—ay 0 ay
—a —as 0
—as —as —as
Vi A Vo =
Vi A\ V3 =
Vi AN Vy = @20 + a4Z3 — asZs,
Vi AVs =
Vo A\ V3 =

Jorge Roldan Lépez

—ayZy — ar24 — aszs,
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—das —as —ay
0 0 —ayz
az ag 0
0 dg 0

—ag 0 —ayp

Vo A Vg = —axZ4
Vo A\ V5 = —aszy
V3 A V4 = —aazy
V3 A\ Vs = —asZzy
Va N\ Vs = —asZ4
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—as —ap
—dg —d
0 -—ap
aio
0 0

+ arZz — a9Zs,
+ asZ3 + aoZs,

— arZz — ao2s,
— agZz2 + atozs,
— 8922 — a1023.
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Current work: examples

0 0 0 0 0 —a —a —az —a4 —as —as —ay —ag —dag —ai
0 & a a a 0 0 0 0 —ayy —aix —a;3 —a4 —ai;s —as
-a 0 a a a 0 any ap az O 0 0 —a;7 —aig —amg
—a —a 0 a a —ayy 0 anu as 0 a7 ag O 0 —ax
—az—a —a 0 ajp-—-az2-ans 0 ae —a;7 0 a9 0 ap O
—a4 —a; —ag —aj0 0 —aj3 —a;5s —ag 0 —ajg—ag 0 —-ap 0 O

Vi AVo = —a123 — 824 — 8325 — 847, Vi A Vg = ai2 — as24 — 825 — arZg,

Vi A\ Vg = a22Zp + 8523 — agZs — a9Zg, Vi AN Vs = @32 + apZ3 + agZ4 — a102s,

Vi N\ Vg = aZp + @773 + 8924 + a102s, Vo AV3 = —a1zy — ai124 — 81225 — a13%,
Vo A\ V4 = —apZy + a1123 — a1425 — aisZs, Vo A\ Vs = —a3Z1 + 81273 + @1424 — a162s,
Vo A\ Vg = —asZy + a1323 + a1524 + aeZs, V3 A\ V4 = —852y — @1122 — @725 — a1gZs,
V3 A\ Vs = —8gZy — @122 + a1724 — a197s, V3 A\ Vg = —arZy — @132 + agZ4 + a9z,
Va N Vs = —8gZ1 — Q1422 — @723 — @072, Va N\ Vg = —89Zy — a1522 — a@18Z3 + az07s,
V5 A\ Vg = —a10Z1 — @122 — @192Z3 — ax0Z4.
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Universal construction: algebras

Benito, de-la-Concepcién, Sesma, Roldan-Lopez

For every d > 4, there exist quadratic 2-step Lie algebras of type d. Up to
isometric isomorphisms the algebras in this class are of the form
(n(A1,...,Ad1),(p) 1 (u,¢) where d = d; + d> and 4 75 a; > 3, {A1,...,Ad1}
is a di-quadratic family of matrices, and (a, ¢) is a quadratic abelian Lie
algebra of dimension d> > 0.
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Universal construction: automorphisms

The vector space v = {v1,..., vy} provides the free nilpotent ng > = v @ A%0
by means of the skew product [v;, vj] = v; A v;.

Any linear map f: v — ng2 = v @ A?v for which f(v1),.. ., f(vg) are linearly
independent, extends to the automorphism 7+ by declaring

r([vi, viI) = [F(vi), F(v))] = (Vi) A F(v)). (1)

In fact, any automorphism of ng 2 is of this form. Hence the automorphisms in
the basis {v;, vi A v;} are given by matrices of the form:

Q 0 -
n(o,X):( X "X% )

where X is a any matrix of order 2%-") x d, Q is a regular matrix of order

d x d, Q is a matrix completely determined from Q by following the rule (1).
In case Q = (bj), we get

(Vi A V) = Z det( g;’l g’/>vr/\vs.

1<r<s<n gl
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Universal construction: automorphisms

Benito, de-la-Concepcién, Sesma, Roldan-Lopez

Let {A4,...,Aq} and {E;, ..., E4} be two families of d-quadratic matrices
and (n(A,...,Aq),v0) and (n(Es, ..., Eq),v0) be the quadratic Lie algebras
attached to them as it is described in the universal construction. Then, the Lie
algebras (n(As,...,Aq), vo) and (n(E;, ..., Eq), o) are isometrically
isomorphic if and only if there exists a regular d x d matrix Q such that

B(Ei,...,Eq) = Q'B(A, ..., A))Q.

where Q is given in terms of Q = (b;) by means of the automorphism
71(Q, 0).
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Current work: achievements

m Create d-quadratic matrices families.
m Define Lie algebra given a d-quadratic family.
m All 3-quadratic families describe isomorphic algebras.
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Current work: goals

Noui and Revoy proved that there is a finite number of quadratic 2-step
nilpotent algebras of type less or equal than 8. We are now working on
automorphisms in order to improve this result. Based on the computation of a
large number of random algebras we get:

Conjecture

All 5-quadratic families describe isomorphic algebras.

Given two d-quadratic families, where d > 6, there is not always an
automorphism between them.
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