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Gradings on matrix algebras



Gradings and graded identities

Gradings on algebras
If Ais an F-algebra and G is a group, A is G-graded if

A=A, and  AALCAg, for g heG.
geG

If x € Ag, for some g € G, we say that x is homogeneous of degree g.

Free G-graded algebra
X = UXg x € Xg,deg(x) =g
geG
F(X]G) = F(X)

Graded identities
A polynomial f(xq,...,x,) € F(X|G) is a G-graded identity of a

G-graded algebra A, if f(a1,...,a,) =0, for any a; € A such that
deg(a;) = deg(x;).



Examples on matrix algebras

2 X 2 matrices
F 0 0 F
If Mr(F)o = d My(F); =
2(Fo (o F> an 2(F) (F o)

Mz(F) = M2(F)o ©® Mg(F)l is a Zg—grading on M2(F)

Identities
(1992) Di Vincenzo: ldentities follow from [y1, y2] and z1zpz3 — z3203.



Examples on matrix algebras

n X n matrices

t+1
| |
0 0 F 0
0 0 0 F
If My(F); =
n(F)e F 0 0 0
o --- F O --- 0
then M,(F) = @ M,(F); is a Z,-grading.
tEZn
Identities

(1999) Vasilovsky (char(F) = 0)

(2002) Azevedo (arbitrary infinite field): Identities follow from:
[x1,%] =0, deg(x1) = deg(x2) = 0;

xixox3 — xaxoxy =0, deg(x1) = deg(x3) = — deg(x).



Types of Gradings

Elementary gradings

e G a group
° (gl7"'7gn)€ G%
o If g € G, define R, = span{e;|g ‘g =g}

Then M,(F) = @, Re is a G-grading on M,(F) called elementary
grading defined by (g1, ..., &n)-

Theorem
If G is any group, a G-grading of M,(F) is elementary if and only if all
matrix units ej; are homogeneous.

Fine gradings

A G-grading on A is a fine grading if dim A, <1, for all g € G.



Types of Gradings

Pauli gradings (or e-gradings)
If e € F is a primitive n-th root of 1, define the n x n matrices over F:

el 0 ... 00 010 ..0
0 2 0 0 0 01 0
Xo=1] : ot | and Xp=
0 0 e 0 0 0O
0 0 1 1 00 0

Ifg=0(i,j) € G="2,xZLy let Cg= X;X,Jj' and denote R, = spang{C,}.
Then R = M,(F) = @,cc Re is a G-grading on R.
This grading is called e-grading or Pauli grading.



Gradings on tensor products

Induced gradings

o Let A= ®zccAg be any G-graded algebra.

o Let B=M,(F)=6p
(&1, &n)-

o Set

5€G Bg with an elementary grading induced by

(A® B), = spang{a @ ejla € Ay, g "hg = g}.

Then A® B is G-graded and such grading is called induced.



Gradings on Matrix Algebras

Theorem (Bahturin, Segal and Zaicev)
Let R = My(F) = @,cc Re be a G-graded matrix algebra over F. Then

there exists a decomposition n = ki, a subgroup H C G of order k* and a
I-tuple & = (g1, ..,81) € G' such that M,(F) is isomorphic as a
G-graded algebra to the tensor product Mi(F) @ M,(F) with an induced
G-grading where My (F) is a H-graded algebra with fine H-grading and
M;(F) is endowed with an elementary grading determined by g.
Moreover, H decomposes as H = Hy X --- x Hy, Hi & Zp. X Zp, and

My (F) is isomorphic to M, (F) @ --- ® M, (F) as an H-graded algebra,
where M,,.(F) is an H;-graded algebra with some ¢;-grading.



Identities with elementary gradings

(2002) Bahturin and Drensky: M,(F) with elementary grading defined by
(&1,---,8n), with gj # gj, i # j. Char(F) = 0.

Identities follow from:

[x1,x2] =0, deg(x1) = deg(x2) =0;

x1xpx3 — x3xox1 = 0,  deg(x1) = deg(x3) = — deg(x2).

Monomial identities of degree up to 4s>%2, s = |Gy|.

(2013) Diniz: Infinite field of char(F) = p > 0

(2015, 2016) Centrone, de M., Diniz: Monomial identities follows from
identities of degree up to 2n — 1. Conjucture: monomial identities of
degree up to n.

(2017) Centrone, de M., Diniz: Identities above and monomial identities
of degree up to n (the minimum possible).



Involutions on matrix algebras



Involutions on matrix algebras

An involution on an F-algebra A is an antiautomorphism of order two,
i.e., a linear isomorphism * : A — A satisfying for all a, b € A,

(ab)* = b*a" and (a")* = a.

Examples



Involutions on matrix algebras

Description of involutions on matrix algebras:

Theorem
Let « be an involution on M,(F). Then for every X € M,(F),

X* =0 1X'0,

for some non-singular matrix ® which is either symmetric or
skew-symmetric. Moreover, ® is uniquely defined by % up to a scalar

factor.
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Identities with involutions on matrix algebras

(2005) Giambruno and Zaicev:

Theorem
Let F be an infinite field, char(F) # 2 and let * be an involution on

M,(F). Then

Id(Mp(F),*) = Id(M,(F), t) or Id(M,(F),*) = Id(M,(F),s).

The second possibility can occur only if n is even.
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Involutions and gradings on
matrix algebras




Graded identities with involution

(2016) Haile and Natapov: Identities of M,(C) with transpose involution
and elemetary G-grading induced by (g1, ...,&,), where

G ={g,...,gn} follow from:

Xie = X'e

XieXje — XjeXie

(Graph theory technique)

Remark

The identity x;x0x3 — x3x0x1, deg(x1) = deg(x3) = deg(x2) ! is a
consequence of the identities above.

Free object?

F(X|(G,*)) = F(XUX*).

X = UgGG Xg

deg(x;) = deg(xg) ™
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Degree-inverting involutions on matrix algebras

Example
If M,(F) is endowed with any elementary grading defined by (g1, ..., &),

deg(ef;) = deg(ei) = g 'gi = (g 'gj) ' = deg(ej) !

Degree-inverting involution
An involution * on a G-graded algebra A is a degree-inverting involution

if forall g € G, A; C A1

Problem
Describe the degree-inverting involutions on M,(F).

Remark

Involutions satisfying Az C A are called graded involutions and have
been described by Bahturin Shestakov and Zaicev in 2005.

Such description was applied for classifying gradings on simple finite
dimensional Lie and Jordan algebras.
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Elementary grading with involution

Lemma
Let R = M,(F) = ®gcc R with an elementary grading be a matrix

algebra with a degree-inverting involution %, then R is isomorphic to
M,(F) with an elementary G-grading defined by an n-tuple (g1, ..., gn)
and with involution X* = &~ 1Xt®, where

0 O
1. n=2/4+m, forsome/, meN,andd=|/ 0 0|,
0 0 I,
if % corresponds to a symmetric matrix. Moreover,
1.1 if m =0, then after a renumbering, glg,j =000 = g,gz_,l, and
g =g forallic{1,... 1}
1.2 if / 20 and m # 0, then after a renumbering glg,ﬂ =000 = gkg2_,1,
g =g = =g and
8181+1 = 8281+2 =+ * = 8I1821 = g22/+1 - = gr%;
1.3 if =0, % is the transpose involution and gi, ..., gn are arbitrary.
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Elementary grading with involution

Lemma
Let R = M,(F) = ®gccRe with an elementary grading be a matrix

algebra with a degree-inverting involution *, then R is isomorphic to
M, (F) with an elementary G-grading defined by an n-tuple (g1, ..., &)
and with involution X* = ®~1Xt®, where

2. n=2]/, forsome /| € N, and ¢ = v ll).

- 0
if % corresponds to a skew-symmetric matrix. Moreover, after a
renumbering gigj;; = - = gigy ', and g7 = g7, for all
ie{l,...,1}.
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Lemma
Let R = M,(F), n > 2 with an e-grading R =P, s Re- If xis a

degree-inverting involution, then n = 2 and * is given by X* = &~ 1X*®,
where ® is a scalar multiple of one of the matrices I, X,, X, or X;Xp.

16



Degree-inverting involutions on matrix algebras

Theorem
Let R = M,(F) = ®gccRg with a degree-inverting involution . Then R

is isomorphic as a G-graded algebra to the tensor product

RO & RM & ... R¥ of a matrix subalgebra R(©) with elementary
grading and RV @ - .- @ R a matrix subalgebra with fine grading.

Suppose further that both these subalgebras are invariant under the

involution x. Then n = 2¥m and

1. RO = M (F), with an elementary G-grading defined by an m-tuple
g =1(g1,.-.,8m) of elements of G. The involution x acts on M,(F)
as X* = ®-1Xt®, where ® and the elements gy, ..., gm are as in
the previous lemmas.

2. RW®@...@ Rk jsa T =Ty x---x Te-graded algebra and any
RU) = My(F) is T; = Zy x Zo-graded algebra. The involution * acts
on RO @ ... ® R as in the previous Lemma.

17



Identities with the transpose involution

Theorem
Let M,(F) be a matrix algebra over an infinite field, endowed with the

transpose involution and with an elementary G-grading induced by
(g1;---,8n) with g; # gj for i # j. The graded identities of M,(F) with
the transpose involution follow from

Xie = X[ e

XieXje = Xj,eXi,e

Graded monomial identities of degree up to 2n — 1.

18



Gradings and graded identities
on tensor products




Gradings on tensor products

If Ais G-graded and B is H-graded, one can define a G x H-grading on
A® B by:
(A® B)(g,n) = Ag @ B

Example
If M,(F) is G-graded, then M,(E) = M,(F) ® E is G x Zy-graded.

Problem

Find a basis for the G x Zj-graded identities for A® E from a basis of
G-graded identities of A.
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Tensor products by the Grassmann algebra

Let us consider the sets

e Z=X|JY’, where

o X' = e Xg (even variables) and Y’ = J, . Y, (odd variables)

We work on the free G X Z,- algebra F(Z).
For each J C N, we define

s F(X) — F(Z)
(i e

i xg', ifigJ
) { O

ye', ified

If mis a multilinear monomial in F(Z), we can write:

m = moYo(i,)MYo(ir) " Yo(ix) Mk where i3 < ip < --- < i, and define

20



Tensor products by the Grassmann algebra

Now for each J C N, and a multilinear polynomial f in F(X | G), we
define

G(F) = ¢(pu(f)).
Theorem (Di Vincenzo and Nardozza
Let A be a G-graded algebra and € C F(X|G) be a system of multilinear
generators for Idg(A). Then the set

{C(f)[feé JCSN}

is system of multilinear generators of ldgyz,(A ® E)

21



Color commutative superalgebras

The map 5 : Hx H— F* is a skew-symmetric bicharacter of H if

 3(g,h)=pB(hg)™"

Let C = @,y Ch be a graded algebra. If x € Cg and y € G, we define
[X>.y]5 =Xy = B(g h)yX

and extend it to C by linearity.

If C satisfies [x, y]s = 0, we say that C is a color commutative
superalgebra.

22



Color commutative superalgebras

Example

1. Let 8:Zy x Zy — F* be defined as 5(g,h) =1,if g=00r h=0
and 8(1,1) = —1.
Then one can simply verify that E satisfies [x, y]g = 0.

2. Let H=7Z, X Z, and let 8 : H x H — F* given by
B((k, 1), (r,5)) = "
Then M,(F) with the Pauli grading satisfies [x, y]g = 0, since
XaXp = eXpX,.

E and M, (F) are color commutative superalgebras.

23



Tensor products by color commutative superalgebras

Problem

If Cis an H-graded color commutative superalgebra, find a basis for the
G x H-graded identities of A® C from a basis of G-graded identities of A.

Let us now consider the free algebra F(X | G x H). Let us denote its
i)

variables by x((g wforg € G heHandicn

For each sequence of elements of H, h = (h;);cn, we define a map
on : F(X|G) — F(X|G x H) as the unique homomorphism of G-graded

algebras satisfying @h(Xé,{)) = X((g hi):

24



Tensor products by color commutative superalgebras

Gow) @) pe multilinear with iy < -+ < .

Let m = x
o)) CARLAR

(gfa(l)
If in the free H-graded color commutative superalgebra, we have

7

; - i i
X[S{l) L .X’(xk) - aX,S,“(l)) VGO
i 'k o (1) ' (k)

with Aps € F*, we define {(m) = Apem.
Now for each sequence h = (h;);cn, and a multilinear polynomial f in
F(X| G), we define

Cn(F) = ¢len(f))-

Theorem (Bahturin-Drensky)

The polynomial f(xé(,il), e ,xg;”)) is a multilinear G-graded identity of A

if and only if {(wn(f)) is a multilinear G x H-graded identity of A® C.
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Tensor products by color commutative superalgebras

Theorem (Diniz, de Mello)
Let C be an H-graded color commutative superalgebra, generating the

variety of all H-graded color commutative superalgebras and let R be any
G-graded algebra. If & is a system of multilinear generators for ldg(R),
then the set

S={¢(f)|fe€& heH" necN}
is a system of multilinear generators of ldgw (R ® C).
Applications

o G X Zy-graded identities of UT(dh, ..., dm; E)
o G x H-identities of UT,(F) ® M,(F).

o Generators for central polynomials (Diniz, Fidelis and Mota, 2017).
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